Particles occupying sites of a random lattice present density fluctuations at all length scales. It has been proposed that increasing interparticle interactions reduces long range density fluctuations, deviating from random behaviour. This leads to power laws in the structure factor and the number variance that can be used to characterize deviations from randomness which eventually lead to a new form of disorder named disordered hyperuniformity. It is however not yet fully clear how to link density fluctuations with interactions in a disordered hyperuniform system. In superconducting vortex lattices, intervortex interactions are very sensitive to vortex pinning, to the crystal structure of the superconductor and to the value of the magnetic field. This creates lattices with different degrees of disorder. Here we study disordered vortex lattices in several superconducting compounds (Co-doped NbSe2, LiFeAs and CaKFe4As4) and in two amorphous W-based thin films, one with strong nanostructured pinning (W-film-1) and another one with weak or nearly absent pinning (W-film-2). We calculate for each case the structure factor and number variance and compare to calculations on an interacting set of partially pinned particles. We find that interactions manifest either in the presence of small hexagonal bundles (Co-doped NbSe2 and W-film-1), in orientational correlations (W-film-2) or in locking to the crystal lattice (LiFeAs). Random density fluctuations appear when pinning overcomes interactions (W-film-2 close to Hc2 and LiFeAs at large magnetic fields, as well as in CaKFe4As4). Thus, we conclude that the suppression of density fluctuations in disordered lattices is indeed correlated to the presence of interactions. Furthermore, we find that can describe all pinned vortex lattices within a single framework consisting of a continous deviation from hyperuniformity towards random distributions when increasing the strength of pinning with respect to the intervortex interaction.
Particles occupying sites of a random lattice present density fluctuations at all length scales. It has been proposed that increasing interparticle interactions reduces long range density fluctuations, deviating from random behaviour. This leads to power laws in the structure factor and the number variance that can be used to characterize deviations from randomness which eventually lead to a new form of disorder named disordered hyperuniformity. It is however not yet fully clear how to link density fluctuations with interactions in a disordered hyperuniform system. In superconducting vortex lattices, intervortex interactions are very sensitive to vortex pinning, to the crystal structure of the superconductor and to the value of the magnetic field. This creates lattices with different degrees of disorder. Here we study disordered vortex lattices in several superconducting compounds (Co-doped NbSe2, LiFeAs and CaKFe4As4) and in two amorphous W-based thin films, one with strong nanostructured pinning (W-film-1) and another one with weak or nearly absent pinning (W-film-2). We calculate for each case the structure factor and number variance and compare to calculations on an interacting set of partially pinned particles. We find that interactions manifest either in the presence of small hexagonal bundles (Co-doped NbSe2 and W-film-1), in orientational correlations (W-film-2) or in locking to the crystal lattice (LiFeAs). Random density fluctuations appear when pinning overcomes interactions (W-film-2 close to Hc2 and LiFeAs at large magnetic fields, as well as in CaKFe4As4). Thus, we conclude that the suppression of density fluctuations in disordered lattices is indeed correlated to the presence of interactions. Furthermore, we find that can describe all pinned vortex lattices within a single framework consisting of a continous deviation from hyperuniformity towards random distributions when increasing the strength of pinning with respect to the intervortex interaction.
INTRODUCTION
Hyperuniformity is a property of a lattice which consists of the absence of density fluctuations at large distances. All ordered lattices, including Moiré patterns and quasicrystals are hyperuniform [1, 2] . Disordered lattices, however, are usually random. A fundamental property of a random distribution is that there are density fluctuations at all length scales. It has been shown that disordered hyperuniform lattices can be created by designing disordered patterns without density fluctuations at large length scales [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Recently, hyperuniform behavior has been found in the contact-number between subsystems of particles [7, 8] , although the origin of the suppressed density fluctuations remains under debate [13] .
Here we address the behavior of vortices in type II superconductors. Vortices are a lattice of whirlpools of currents, each carrying a flux quantum [14, 15] . Vortices repel each other and often form hexagonal and square lattices with intervortex distances a 0 ∝ 1 √ H . Intervortex interactions are usually repulsive and screened above the penetration depth λ, which is most often much larger than the intervortex distance a 0 [16] [17] [18] [19] . In thin films, λ strongly increases with decreasing thickness and vortices interact through their stray field, which leads to a long range Coulomb-like 1 r interaction [20] [21] [22] . The question we address here is to what extent intervortex interactions can eliminate density fluctuations while allowing the formation of a disordered lattice due to pinning. We analyze vortex lattices with different amounts of disorder in bulk superconductors and in thin films. We make calculations of the positions of particles in a long range interaction potential in presence of disorder. We find a gradual appearance of density fluctuations with increasing disorder. FIG. 1. Set of points distributed in a 2D space, obtained by assigning some pixels the value 1 following a random distribution (a) and a hyperuniform distribution (b). Note that both distributions of points are fully disordered. In the lower right inset of (b) we describe schematically how we created the hyperuniform distribution. We started from a square lattice (grey crosses) with lattice constant a0 and added to each lattice point a vector with random coordinates r = (x, y) and magnitude r < 2a0. This gives the distribution of black dots. (c,d) Variance of the distribution, σ 2 , as a function of the radius normalized to a0, calculated as explained in the text. σ 2 (R) follows a power law with the exponent β (red dotted line). (c) shows the result for the random distribution shown in (a) and (d) for the hyperuniform distribution shown in (b).
(e,f) Structure factor S(k) normalized to one for large values of the reciprocal space vector k for (e), the random distribution shown in (a) and (f), the hyperuniform distribution shown in (b). S(k) also follows a power law with exponent α (red dotted lines in e and f). Fig. 1 (a,b) shows matrices of points with, respectively, random and hyperuniform disorder. Both images are square and have the same size, with area A, and the same number of points N . In a random distribution ( Fig. 1  (a) ), there are density fluctuations at all length scales. In a hyperuniform distribution ( Fig. 1 (b) ), density fluctuations disappear at large length scales. The hyperuniform distribution of Fig. 1 (b) has been generated by starting with points arranged in a lattice of constant a 0 = A/N . This defines a lattice of squares of size a 0 × a 0 . We then add to each lattice point a vector r with random coordinates, whose absolute value r < 2a 0 ( Fig. 1(b) ). The result is a random distribution which is spatially uniform for length scales larger than the intercell distance. It is important to realize that there are no further signatures of the ordered lattice in Fig. 1(b) other than the large scale uniformity.
METHODS
The calculation of the number variance is very useful to discuss density fluctuations [1, 2, 11] . It is given by
is the number of points inside a circle of radius R. In the Appendix we illustrate how to calculate σ 2 (R) using a vortex lattice image. The variance σ 2 (R) increases with R as a power law σ 2 (R) ∝ R β . In In a random distribution of points ( Fig. 1(a) ), σ 2 (R) grows as the dimension, (i.e with the area, according to the large number law) so that, β = 2 ( Fig. 1(c) ). On the other hand, in a hyperuniform distribution ( Fig. 1(b) ), σ 2 (R) grows as the dimension minus one (i.e with the perimeter) with β = 1 (Fig 1(d) ). In lattices with orientational order, σ 2 (R) shows a dip each time R is somewhat smaller than integer multiples of the average interparticle distance [23] .
To calculate the structure factor S(k) we use the Fourier transform of the image of the vortex positions and make the radial average over the Fourier transform. In the Fourier space, the structure factor S(k) shows a Bragg peak at a 0 and decreases at small k with the power law S(k) ∝ k α . In the random distribution α = 0 ( Fig. 1(e) ), while in the hyperuniform distribution α > 1 ( Fig. 1(f) ). There is a relation between the exponents of S(k) and those of σ 2 (R). When 0 < α < 1, then β = 2 − α and when α > 1, β remains locked at 1.
We chose vortex lattice images with a considerable degree of disorder obtained in Refs. [24] [25] [26] [27] [28] . Notice that studying the prototypical pure 2H-NbSe 2 or other materials with well ordered lattices would make little sense in the context of this work [29] [30] [31] [32] [33] . We calculate S(k) and σ 2 (R) and discuss the power laws as a function of k and R. We discuss data on a nanostructured Wbased thin film (W-film-1) with strong pinning and polycrystalline vortex lattice arrangements that disorder at high magnetic fields. We show results in Co-doped 2H-NbSe 2 , a system with strong point-like pinning centers that also leads to polycrystalline hexagonal lattices which increase the level of disorder when increasing magnetic fields [25] . We discuss a W-based thin film with weak 1D disorder potential and perfectly ordered vortex lattices that disorders at high magnetic fields (W-film-2) [24] . Finally, we discuss two iron based superconductors with strongly disordered lattices at all magnetic fields, LiFeAs, CaKFe 4 As 4 [26, 27] .
The results in W-film-1 have not been published. We acquire the image in zero field cooled conditions at 100 mK using the system described in Refs. [24, 28, 34] . The sample has been made using a focused ion beam assisted deposition and has a composition similar to the composition of W-film-2, which has perfectly ordered lattices in a large range of magnetic fields, described in Ref. [24] . The critical temperature is of 5 K [35, 36] . However, contrary to W-film-2, here the substrate has strong random thickness modulations at a length scale of about 200 nm, which considerably enhance pinning. The vortex lattice rearranges accordingly, showing a polycrystalline pattern, which we discuss in the Appendix (Fig. 4) .
RESULTS
In Fig. 2 (a,b) we show results for vortex lattices consisting of patches of hexagonal lattices, i.e. polycrystalline arrangements of varying sizes. The vortex lattice positions are shown in the central panels of Fig. 2(a,b ). In Fig. 2 (a) we show results in Co-doped 2H-NbSe 2 [25] . We find S(k) ∝ k α with α ≥ 1 and β = 1. In Fig. 2 (b) we show results in W-film-1. We find α ≥ 1 and β = 1, very similar as in the previous case. Both of these systems show close to hyperuniform behavior. There is short range hexagonal order in all images at length scales well above a 0 . We can see this in the oscillations appearing in σ 2 (R) close to integers of a 0 .
In Fig. 2 (c) we show results in LiFeAs, from Ref. [26] . The vortex lattice is highly disordered above about 2 T, with no clear hexagonal patterns observed at any length scale. As discussed in Ref. [26] , the structure factor has a square shaped orientational dependence, which shows that overall there is a tendency of the vortex lattice to lock its orientation to the square crystal lattice. Note that oscillations in σ 2 (R) are much less pronounced than in other cases, although these are clearly visible at 2 T. The coefficient α is slightly smaller than one and β is close to one at 2 T but increases with the magnetic field. This situation is close to a disordered hyperuniform arrangement at low magnetic fields. Note that, despite the presence of disorder, the vortex interaction is not negligible since it leads to an orientational locking of the disordered vortex lattice with the crystal lattice.
In Fig. 2(d) we show results in W-film-2, from Ref. [24] . At small magnetic fields, where hexagonal order is nearly perfect, with a few dislocations that proliferate when increasing the magnetic field. The lattice disorders when increasing the magnetic field above about 4 T and at 5 T, the lattice has no long range positional nor orientational order [24] . S(k) and σ 2 (R) remain with the same power law dependencies, with β = 1.1 and α ≥ 1 for magnetic fields below or equal to 5 T. We also see oscillatory dependence of σ 2 (R), indicating short range orientational correlations. Notice that, although the lattice at 5T has neither long range positional nor orientational order (see Ref. [24] ), the length scale for orientational order is sufficiently large to provide β ≈ 1, i.e. near to disordered hyperuniform behavior. When reaching 5.5 T, the decay length for orientational order goes from about five times a 0 down to a couple of a 0 [24] . The oscillations in σ 2 (R) vanish totally at 5.5 T. But there is also a strong deviation from hyperuniformity, with an increase of β to 1.6. Thus, the onset of strong disorder leads to a tendency to form a random distribution of vortices. Next we analyze highly disordered vortex lattices in CaKFe 4 As 4 , from Ref. [27] . We find ( Fig. 2(e) ) a considerable deviation from disordered hyperuniform behavior, with β close to or larger than 1.5 and α less than 1. We find no signatures of oscillations in σ 2 (R).
We summarize all results in Table I . Using our results, we can plot β as a function of the standard deviation (SD) in the nearest neighbor vortex positions normalized to the intervortex distance a 0 , SD a0 and the density of defects in the vortex lattice ( Fig. 3; we call a defect a vortex with coordination number different than six, see also the Appendix).
If we start from an ordered lattice, we are close to β=1 and SD a0 as well as the defect density close to zero. We see that when there are oscillations in σ 2 (R) (open points in Fig. 3) , β=1 although the SD a0 and the defect density can be quite large. Notice that there are no data with β=1 and SD a0 larger than about 30-40% of the intervortex distance. This ressembles a Lindemann criterion. Above a certain fluctuation amplitude ( SD a0 ), the ordered lattice is unstable.
When we have a randomly disordered vortex lattice, we expect β tending towards 2 and large values for SD a0 and of the defect density. This indeed occurs for the fully disordered lattices of CaKFe 4 As 4 , with LiFeAs at 11 T and with W-film-2 at 5.5 T (filled points in Fig. 3 ). For fully disordered hyperuniform, or close to hyperuniform behaviour, we expect β close to 1. Either SD a0 or the density of defects, or both should be of course large. In LiFeAs at 2 T we observe β close to 1, and a small SD a0 but a large amount of defects. As shown in Ref. [26] , the disordered lattice is locked to the crystal lattice, following its orientation. In W-film-2 at 5 T we observe similar parameters, β close to 1, and a small SD a0 but a large amount In the left column, we show the structure factor S(k) obtained for vortex lattices in many different materials as a function of the reciprocal lattice vector k in units of 2π a 0 in each image. In the right column, we show the variance σ 2 (R) obtained in the same materials. A few images of vortex positions are shown between graphs. In (a) we show results in Co-doped NbSe2 with data taken from Ref. [25] . The lateral size of the images is of 375 nm. In (b) we show results obtained in a W-based thin film with strong pinning (W-film-1). The lateral size of the images is of 1700 nm, 1000 nm and 750 nm. In (c) we show results in LiFeAs, with data from Ref. [26] . The lateral size of the images is of 500 nm. In (d) we show results in a highly ordered W-based thin film (W-film-2) with a very weak 1D disorder potential, data from Ref. [24] . The lateral size of the images is of 1000 nm (2.5 T and 3 T), 550 nm (4 T, 5 T) and 500 nm (5.5 T). In (e) we show results in pure CaKFe4As4, from Ref. [27] . The lateral size of the images is of 400 nm and 470 nm. Points are joined by lines as a guide. We plot all data in log scales and provide the power law dependencies with exponents α = 1 for S(k) and β as shown in the legends of the figures for σ 2 (R). See also Table  I. of defects. There are oscillations in σ 2 (R) highlighting that orientational order is maintained up to several a 0 . Thus, the appearance of disordered hyperuniformity, or the decrease in density fluctuations in disordered lattices, is linked to the presence of interactions, either in the form of locking to the crystal lattice (LiFeAs) or in short range orientational order (W-film-2). We have made a numerical simulation distributing points randomly on a square sample, with a density similar than the vortex density in the experiments. We use periodic boundary conditions and fix a percentage of points in their positions (between 10% and 50%). The rest is free to move and tend to minimize the potential energy of the system. We use a 1/r interaction, which converges faster than the usual intervortex interaction and produces a similar distribution. We do not take into account the fact that the intervortex interaction is screened above λ, although this should not greatly influence the comparison to the experiment. The procedure selects a point at random and chooses possible new positions displaced by a small distance from the original position in a random direction. If the new position minimizes the system energy, the point is moved to the new position. After a number of changes in the positions equal to one thousand times the number of points, we consider that changes are minute and we stop the algorithm. Then, we calculate S(k) and σ 2 (R), obtaining β as discussed previously, for the final minimum energy configuration. We show the result in Fig. 3 as grey points.
We find that the model fits particularly well distributions of vortices where there are no maxima in σ 2 (R) (filled circles in Fig. 3 ). For relatively small levels of disorder, with a defect density less than 30-40%, the result is close to hyperuniform behavior. However, a full disordered hyperuniform behavior, with β = 1 and a defect density much larger than 30-40%, does not occur. Moreover, the model shows a gradual increase of β away from hyperuniform behavior when the amount of defects increases. This suggests that the increase in β is due to increasing number of defects.
In vortex lattices, the number of defects is the consequence of the balance between the pinning energy and the intervortex interactions. For example, in LiFeAs, disorder appears relatively far from H c2 , with a vortex lattice that interacts strongly through the crystalline lattice, as shown by the four-fold symmetry in the structure factor discussed in Ref. [26] . This leads to β close to 1, with a large amount of defects, although SD a0 is maintained to relatively small values. When increasing the magnetic field there is a strong tendency towards random behavior. In W-film-2 with β close to 1, strong disorder appears at 5 T (which is 0.78H c2 ), although with a smaller defect density and with enough orientational order to present maxima in σ 2 (R). At a slightly larger magnetic field, at 5.5 T (which is 0.85H c2 ), the lattice of W-film-2 yields to random disorder and β increases with a jump to 1. practically the same SD a0 but a larger amount of defects. We note that the model produces lattices that have very small values of SD a0 at Fig. 3(a) . These lattices do not appear in the experiment (no points below SD a0 0.1). When the vortex lattice still has short range positional order (open dots in Fig. 3 ), β = 1. In this group of lattices, we have lattices that show defects and polycrystalline arrangements (W-film-1 and Co-NbSe 2 , shown in the Appendix), as well as ordered lattices with a very small number of defects (open red points of W-film-2 in Fig. 3 ). In the latter the positional correlations decay exponentially with distance [24] , which explains why the SD a0 remains above 0.1. Fully ordered hexagonal lattices (or the vortex Bragg glass with algebraically decaying positional correlation) provide β ≈ 1 for near to zero SD a0 in the representation of Fig. 3[24, 37-41 ].
DISCUSSION
The vortex lattice arrangements are a consequence of the balance between elastic and pinning energies. In Codoped NbSe 2 and in the W-film-1 thin film, pinning is strong but structured, leading to hexagonal vortex clusters observed at all magnetic fields. On the other hand, in CaKFe 4 As 4 pinning centers are so strong and randomly distributed that the vortex lattice is essentially randomly disordered in the whole range of magnetic fields studied [27, [42] [43] [44] [45] . In W-film-2, where the disorder potential is very weak, the vortex lattice only disorders when it is very soft, very close to H c2 . But then, the vortex distribution shows a strong tendency to disorder randomly, because intervortex interactions are very weak. In LiFeAs we have qualitatively the same behavior as in CaKFe 4 As 4 , but with weaker pinning. Furthermore, the intervortex interaction with non-local contributions due to the effect of the crystal lattice symmetry [18, 46] , is still important and responsible for decreasing density fluctuations.
The vortex lattice of LiFeAs depends strongly on the temperature range where the magnetic field is applied. There are measurements showing hexagonal vortex lattices in the same magnetic field range [47] , whereas the ones we have used here [26] and neutron scattering experiments [48] provide disordered lattices. Notice that the disordered lattices discussed here are locked to the crystal lattice. This is a rather peculiar combination of long range interaction and disorder. Locking can be explained by nonlocal corrections to the London model that favor a fourfold vortex lattice [18, 46] .
It is relevant to note that the only disordered lattices with close to hyperuniform behavior (β ≈ 1, points in Fig. 3 corresponding to LiFeAs at small magnetic fields and to W-film-2 at 5 T) have relatively small SD a0 . In the case of LiFeAs, data follow closely the calculations. Therefore we expect that fully disordered vortex lattices will not fall to the behavior of lattices showing fluctuations in σ 2 (R) as a consequence of short range order (open points with β ≈ 1 in the representation of Fig. 3 ), but rather follow the smooth increase of β with the amount of disorder predicted by the model.
Calculations show that the vortex glass can present disordered hyperuniformity in a range of magnetic field and temperatures in presence of strong repulsive interactions and quenched disorder [11] . Authors propose a phase diagram with the near to disordered hyperuniform behavior in between the Bragg glass and the random vortex glass. Our results confirm indeed the presence of this intermediate state and show that it can be obtained as a balance between interaction and pinning.
In a recent work, vortex lattices at very small magnetic fields have been analyzed in view of their hyperuniform properties. Authors have analyzed images of the high T c cuprate superconductor Bi 2 Sr 2 CaCu 2 O 8+δ with magnetic Bitter decoration in presence of disorder [49] . At small magnetic fields, vortices are very far apart and their mutual repulsion is small [50, 51] . Vortex arrangements are then strongly influenced by their interaction with pinning centers and their mutual interaction plays a minor role. Furthermore, at high temperatures, close to the transition to the normal state, the vortex lattice melts, leading to the vortex liquid which is a dynamic tangle of vortices [52, 53] . Therefore experiments at small magnetic fields are made by cooling from the liquid phase, which results in quenched vortex arrangements [54] . Authors of Ref. [49] conclude that long wavelength fluctuations are systematically suppressed in the vortex lattice at small magnetic fields, as a consequence of the hydrodynamic properties of the liquid phase, which leads to deviations from fully random vortex distributions.
CONCLUSIONS
In summary, we have analyzed the conditions for the formation of disordered hyperuniform vortex lattices in superconductors at high magnetic fields. The vortex lattice shows a tendency away from random behavior and towards hyperuniformity when the amount of pinning centers is between 30% and 40%. We find that the length scale of the interaction plays a minor role in determining the strength of density fluctuations. Instead, the balance between pinning and vortex lattice stiffness controls density fluctuations, with a continous variation between density fluctuations and disorder in the lattice. We show that the decreased density fluctuations require intervortex interactions. We conclude that we can identify emergent correlations in a vortex lattice using the structure factor S(k) and number variance σ 2 (R) and establish the disordered hyperuniform vortex lattice, which is a new correlated vortex glass, characterized by decreased density fluctuations.
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APPENDIX
In the Fig. 4 we show the vortex lattice in Co-doped NbSe 2 and in the Fig. 5 the vortex lattice in the W-film-1 thin film with strong pinning. Regions with hexagonal order are observed at all magnetic fields ( Fig. 4(a-c) ), and the amount of defects can be also quite large, of about 40% [25] .
In W-film-1, vortices get pinned by differences in the thickness of the thin film, as described in detail in Ref. [35, 55] . In the Fig. 5 (a-e) we show results with increasing magnetic fields in W-film-1. We see that the vortex lattice remains with regions showing hexagonal order at all magnetic fields. We observe that regions with different vortex lattice orientation are separated by regions with a large amount of dislocations. The smallest ordered regions appear at relatively large magnetic fields. Further increase of the magnetic field towards H c2 leads to a disordered random configuration, shown in 5(e), where we can still identify hexagonal ordered regions of finite size. This lattice is accordingly still hyperuniform, but with a large density of defects (about 40%).
To calculate σ 2 (R) and S(k) we start by finding vortex positions following Ref. [24] . We maximize the contrast in the image, inserting a threshold that gives a clear view of vortices as single colored and extended disks. We calculate the center of mass of each disk, and use this to identify the position of each vortex. This leads to the matrix of points shown in Fig. 6(b) . We then make the Fourier transform to find S(k). To calculate σ 2 (R) we follow Ref. [11] . We generate circles of size R centered at randomly generated positions and increase R from the average intervortex distance a 0 to nearly the size of the image. We use two conditions. First, circles have to be complete and within the image. Second, circles cannot overlap. We schematically show a few circles in Fig. 6(b) . In each circle, we count N (R), the number of vortices inside the circle and obtain σ 2 (R) = N 2 (R) − N (R) 2 by averaging over many circles. When R is small, we obtain in one trial many circles spanning the whole image. When R is large, we obtain just a few circles. We make the calculation in such a way as to increase the number of random tries giving the center of the circles with R, taking care that we average over at least one hundred circles for all R. The vortex lattice is disordered. In (b) we show as black points the vortex positions of (a). These are obtained by calculating the center of mass of each white patch in (a). In the inset we show the Fourier transform of the image of the vortex positions. To calculate σ 2 (R), we produce randomly located circles with varying radius R, as those shown schematically in different colors. Circles with the same radii are shown in the same color.
